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Abstract. A 2-plectic manifold is a manifold equipped with a closed 
nondegenerate 3-form, just as a symplectic manifold is equipped with a 
closed nondegenerate 2-form. In 2-plectic geometry one finds the higher 
analogues of many structures familiar from symplectic geometry. For ex- 
ample, any 2-plectic manifold has a Lie 2-algebra consisting of smooth 
functions and Hamiltonian 1-forms. This is equipped with a Poisson-like 
bracket which only satisfies the Jacobi identity up to 'coherent chain 
C*| ] homotopy'. Over any 2-plectic manifold is a vector bundle equipped 

O j with extra structure called an exact Courant algebroid. This Courant 

algebroid is the 2-plectic analogue of a transitive Lie algebroid over a 
symplectic manifold. Its space of global sections also forms a Lie 2- 
algebra. We show that this Lie 2-algebra contains an important sub-Lie 
2-algebra which is isomorphic to the Lie 2-algebra of Hamiltonian 1- 
forms. Furthermore, we prove that it is quasi-isomorphic to a central 
extension of the (trivial) Lie 2-algebra of Hamiltonian vector fields, and 
therefore is the higher analogue of the well-known Kostant-Souriau cen- 
tral extension in symplectic geometry. We interpret all of these results 
within the context of a categorified prequantization procedure for 2- 
plectic manifolds. In doing so, we describe how [/(l)-gerbes, equipped 
with a connection and curving, and Courant algebroids are the 2-plectic 
analogues of principal U(l) bundles equipped with a connection and 
their associated Atiyah Lie algebroids. 



1. Introduction 

A multisymplectic manifold is a smooth manifold equipped with a closed, 
nondegenerate form of degree > 2. In this paper, we call a manifold 'n- 
plectic' if the form has degree (n + 1). These manifolds naturally arise in cer- 
tain covariant Hamiltonian formalisms for classical field theory |16|, \TE[ [28] . 
In these formalisms, one describes a (n + l)-dimensional field theory by us- 
ing a finite-dimensional n-plectic manifold as a 'multi-phase space' instead 
of an infinite-dimensional phase space. The n-plectic form can be used to 
define a system of partial differential equations which are the analogue of 
Hamilton's equations in classical mechanics. The solutions to these equa- 
tions correspond to particular submanifolds of the multi-phase space that 
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encode the value of the field at each point in space-time as well as the values 
of its time and spatial derivatives. 

Other formalisms, such as higher gauge theory [U [33], suggest that 
structures found in classical mechanics can be generalized by using higher 
category and homotopy theory and then applied to the study of field, string, 
and brane theories. Motivated by these ideas, we hypothesized in our previ- 
ous work with Baez and Hoffnung [2 J that the higher analogues of well-known 
algebraic and geometric structures on symplectic manifolds should naturally 
arise on n-plectic manifolds. Algebraically, this is indeed true. Just as a 
symplectic structure makes the ring of smooth functions a Poisson algebra, 
an n-plectic structure gives a Lie n-algebra on a n-term chain complex con- 
sisting of differential p-forms for < p < n — 2 and certain (n — l)-forms 
which we call Hamiltonian [27]. A Lie n-algebra (or n-term Loo-algebra) is 
a higher analogue of a differential graded Lie algebra. It consists of a graded 
vector space concentrated in degrees 0, . . . , n — 1 equipped with a collection 
of skew-symmetric /c-ary brackets, for 1 < k < n + 1, that satisfy a gen- 
eralized Jacobi identity [201 12 lj . In particular, the k = 2 bilinear bracket 
behaves like a Lie bracket that only satisfies the ordinary Jacobi identity up 
to higher coherent chain homotopy. When n = 1, the relevant Lie 1-algebra 
is just the underlying Lie algebra of the usual Poisson algebra. When n = 2, 
we obtain a Lie 2-algebra whose underlying 2-term chain complex consists 
of smooth functions and Hamiltonian 1-forms. 

Now let us consider the geometric picture. Interesting geometric struc- 
tures appear, in particular, on prequantizable symplectic manifolds i.e. those 
manifolds (M, oS) with the property that the integral of the symplectic form 
ijj over any closed oriented 2-surface is an integer multiple of 2tt^—1. In 
this case, there exists a principal L r (l)-bundle P A M over the manifold 
equipped with a connection whose curvature is 7r-related to the symplectic 
form. Equivalently, in terms of cohomology, the symplectic structure gives 
a representative of a degree 2 class in integer- valued cohomology, while the 
data encoding the principal bundle with connection give a representative of 
a degree 1 class in Deligne cohomology. Deligne cohomology can be inter- 
preted as a refinement of the more familiar L r (l)-valued Cech cohomology. 
In degree 1, it classifies not just principal [/(l)-bundles, but principal U(l)- 
bundles equipped with connection. 

Another geometric structure, called the Atiyah algebroid, is also present 
on a prequantized symplectic manifold. The Atiyah algebroid is an example 
of a Lie algebroid: roughly, a vector bundle A — > M equipped with a bundle 
map to the tangent bundle of M, and a Lie algebra structure on its space 
of global sections. The total space of the Atiyah algebroid is the quotient 
A = TP/U(1), where P — > M is the aforementioned principal f/(l)-bundle. 
Sections of A are L r (l)-invariant vector fields on P. A connection on P is 
equivalent to a splitting of the short exact sequence 



O^lxl^i^l TM -> 
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where the map KxM-fi corresponds to identifying the vertical subspace 
of TpP with the Lie algebra u(l) = R. Those sections of A which preserve 
the connection (or splitting) form a Lie subalgebra that is isomorphic to the 
Poisson algebra. This implies that there is a well-defined action of the Pois- 
son algebra on the C-valued functions on P. Compactly supported global 
sections of the line bundle associated to P form a pre-Hilbert space and can 
be identified with [/(l)-homogeneous C-valued functions on P of degree — 1. 
In this way one obtains a faithful representation, or a quantization, of the 
Poisson algebra by linear operators on a Hilbert space. Moreover, if the 
symplectic manifold is connected, then the Poisson algebra gives what is 
known as the Kostant-Souriau central extension of the Lie algebra of Hamil- 
tonian vector fields |19| . The symplectic form, evaluated at a point, gives 
a representative of the degree 2 class in the Lie algebra cohomology of the 
Hamiltonian vector fields (with values in the trivial representation) corre- 
sponding to this extension. The fact that this central extension is quantized, 
rather than the Hamiltonian vector fields themselves, is the reason why the 
concept of 'phase' is introduced in quantum mechanics. 

The process described above is known as prequantization [19]. It is the 
first step towards geometrically quantizing a symplectic manifold |19] [36] . 
We are interested in the higher analogues of the geometric structures de- 
scribed above. Indeed, the geometric quantization of what we call an n- 
plectic manifold remains a long-standing open problem. In this paper, we 
focus particularly on the prequantization of 2-plectic manifolds, since this is 
the first really new case of n-plectic geometry. Hence, we study prequantized 

2- plectic manifolds and the 2-plectic analogues of principal [/(l)-bundles, 
Atiyah algebroids, and the Kostant-Souriau central extension. 

In analogy with the symplectic 2-plectic manifold (M, oS) is pre- 

quantizable if the integral of the 2-plectic form to over any closed oriented 

3- surface is an integer multiple of 2ir\/— 1. Hence, the 2-plectic structure 
gives a representative of a degree 3 class in integer-valued cohomology. This 
degree 3 class corresponds to a (not necessarily unique) degree 2 class in 
Deligne cohomology. It is well-known that a geometric object which real- 
izes this degree 2 class is a U (l)-gerbe over M equipped with a connection 
and curving whose 3-curvature is u [8]. Roughly, a J7(l)-gerbe is a stack 
(or sheaf of groupoids) over M that is locally isomorphic to the stack of 
?7(l)-bundles over M. Just as a connection on a principal [/(l)-bundle is 
equivalent to specifying local 1-forms on M satisfying a cocycle condition, 
the connection and curving on a [/(l)-gerbe correspond to specifying local 
1-forms and 2-forms on M satisfying a pair of cocycle conditions. So, by 
going from symplectic geometry to 2-plectic geometry, we are replacing sets 
of local sections of a principal bundle (i.e. sheaves) by categories of principal 
bundles defined over open sets (i.e. stacks). Therefore the prequantization 
of a 2-plectic manifold is in some sense 'categorified prequantization'. 
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What is the 2-plectic analogue of the Atiyah algebroid? We answer this 
question by considering a more general problem: understanding the rela- 
tionship between 2-plectic geometry and the theory of Courant algebroids. 
Roughly, a Courant algebroid is a vector bundle that generalizes the struc- 
ture of a Lie algebroid equipped with a symmetric nondegenerate bilinear 
form on the fibers. They were first used by Courant [12] to study generaliza- 
tions of pre-symplectic and Poisson structures in the theory of constrained 
mechanical systems. Curiously, many of the ingredients found in 2-plectic 
geometry are also found in the theory of 'exact' Courant algebroids. An ex- 
act Courant algebroid is a Courant algebroid whose underlying vector bundle 
C — > M is an extension of the tangent bundle by the cotangent bundle: 



In a letter to Weinstein, Severa [34J described how exact Courant algebroids 
arise in 2 dimensional variational problems (e.g. bosonic string theory) and 
showed that they are classified up to isomorphism by the degree 3 de Rham 
cohomology of M. From any closed 3-form on M, one can explicitly con- 
struct an exact Courant algebroid equipped with an 'isotropic' splitting of 
the above short exact sequence using local 1-forms and 2-forms that satisfy 
cocycle conditions [HI [TTJ [15] . 

Obviously, Severa's classification implies that every 2-plectic manifold 
(M, uj) gives a unique exact Courant algebroid (up to isomorphism) C whose 
class is represented by the 2-plectic structure. However, there are more 
interesting similarities between 2-plectic structures and exact Courant al- 
gebroids. Roytenberg and Weinstein [29J showed that the bracket on the 
space of global sections of a Courant algebroid induces an structure. If 
we are considering an exact Courant algebroid, then the global sections can 
be identified with vector fields and 1-forms on the base space. Roytenberg 
and Weinstein's results imply that these sections, when combined with the 
smooth functions on the base space, form a Lie 2-algebra [32]. Moreover, the 
"higher brackets" of the Lie 2-algebra encode a closed 3-form representing 
the Scvcra class |35|. 




The first result we present in this paper is that there exists a Lie 2- 
algebra morphism which embeds the Lie 2-algebra of Hamiltonian 1-forms 
on a 2-plectic manifold (M,ui) into the Lie 2-algebra of global sections of 
the corresponding exact Courant algebroid C equipped with an isotropic 
splitting. Moreover, this morphism gives an isomorphism between the Lie 
2-algebra of Hamiltonian 1-forms and the sub Lie 2-algebra consisting of 
sections of C which preserve the splitting via a particular kind of adjoint 
action. This result holds without any integrality condition on the 2-plectic 
structure. However, its meaning becomes clear in the context of prequanti- 
zation: it is the higher analogue of the isomorphism between the underlying 
Lie algebra of the Poisson algebra on a prequantized symplectic manifold 
and the Lie sub-algebra of sections of the Atiyah algebroid that preserve 
the connection on the associated principal bundle. Hence, we see that the 



-> T*M -> C -> TM -> 0. 
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2-plectic analogue of the Atiyah algebroid associated to a principal U(l)- 
bundle is an exact Courant algebroid associated to a [/(l)-gerbe. This idea 
that exact Courant algebroids are 'higher Atiyah algebroids' has been dis- 
cussed previously in the literature [6[ I15j . However, this is the first time 
the analogy has been understood using Lie n-algebras within the context of 
multisymplectic geometry. 

The second result presented here involves identifying the 2-plectic ana- 
logue of the Kostant-Souriau central extension and therefore the source of 
'phase' in categorified prequantization. On a 2-plectic manifold, associated 
to every Hamiltonian 1-form is a Hamiltonian vector field. These vector 
fields form a Lie algebra which we can view as a trivial Lie 2-algebra whose 
underlying chain complex is concentrated in degree 0, and whose bracket sat- 
isfies the Jacobi identity on the nose. For any 1-connected (i.e. connected 
and simply connected) 2-plectic manifold, we show that the Lie 2-algebra of 
Hamiltonian 1-forms is quasi-isomorphic to a 'strict central extension' of the 
trivial Lie 2-algebra of Hamiltonian vector fields by the abelian Lie 2-algebra 
]R — > 0. This abelian Lie 2-algebra is known as 6u(l). Furthermore, we show 
this extension corresponds to a degree 3 class in the Lie algebra cohomology 
of the Hamiltonian vector fields with values in the trivial representation. In 
analogy with the symplectic case, a 3-cocycle representing this class can be 
constructed by using the 2-plectic form. It follows from the aforementioned 
results relating a 2-plectic manifold (M, a;) to the Courant algebroid C that 
the sub Lie 2-algebra of sections of C that preserve the splitting is also 
quasi-isomorphic to this central extension, and can be interpreted as the 
quantization of the Lie 2-algebra of Hamiltonian 1-forms. Phases originate 
from the presence of bu(l), which integrates to an important Lie 2-group 
called BU(l). 

In the next section, we briefly review the construction of transitive Lie 
algebroids on symplectic manifolds and describe an embedding of the Pois- 
son algebra into the Lie algebra of sections of the algebroid. We recall some 
basic facts concerning Deligne cohomology and then consider prequantized 
symplectic manifolds. We emphasize the role played by the Atiyah algebroid 
in prequantization and the construction of the Kostant-Souriau central ex- 
tension. The remainder of the paper is devoted to the 2-plectic analogue. 
In Sections [3] and [4] we introduce 2-plectic manifolds and Courant alge- 
broids as well as review Severa's classification theorem for exact Courant 
algebroids. Section [5] contains a description of the geometric relationship 
between 2-plectic manifolds and exact Courant algebroids. After reviewing 
Lie 2-algebras in Section [6l we present the algebraic relationship between 
2-plectic and Courant in Section [7J In Section [U we introduce prequantized 
2-plectic manifolds and describe how the exact Courant algebroid plays the 
role of a higher Atiyah algebroid. We then present in Section [9] the 2- 
plectic analogue of the Kostant-Souriau central extension. We assume the 
reader is comfortable with basic results in symplectic geometry and geo- 
metric quantization, but not necessarily familiar with Deligne cohomology, 
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gerbes, Courant algebroids, or Lie 2-algebras. Therefore, our presentation 
of these topics is mostly self-contained. 

2. Lie algebroids, symplectic manifolds, and prequantization 

2.1. Lie algebroids from closed 2-forms. We begin by reviewing the 
construction of a Lie algebroid which ultimately will describe how phases 
arise in the prequantization of symplectic manifolds. A section of this Lie 
algebroid is a vector field on the base manifold together with a 'phase', or 
more precisely, a real-valued function. 

Recall that a Lie algebroid [24] over a manifold M is a real vector bundle 
A — > M equipped with a bundle map (called the anchor) p: A — > TM, and a 
Lie algebra bracket [•, -]a '■ T(A) ® T(A) — >■ T(A) such that the induced map 

T(p): T(A) -»• X(M) 

is a morphism of Lie algebras, and for all / G C°°(M) and ei,e2 G T(j4) we 
have the Leibniz rule 

[ei, fe 2 ] A = f [ei,e 2 ] A + p(ei)(f)e 2 . 

A Lie algebroid with surjective anchor map is called a transitive Lie al- 
gebroid. 

The main ideas of the following construction are presented in Sec. 17 of 
Cannas da Silva and Weinstein [9]. We provide the details here in order to 
compare to the 2-plectic case in Sec. [5l Let (M, uj) be a manifold equipped 
with a closed 2-form, e.g. a pre-symplectic manifold. By a trivialization 
of uj, we mean a cover {U} of M, equipped with 1-forms 6>j G S7 1 ( t/^) , and 
smooth functions gij G C°°{Ui D Uj) such that 

u\Ui = dOi (1) 
{9 j -Bi)\v ij =dg ij , (2) 

where f7y = UiPiUj. Every manifold admits a good cover (i.e. a cover where 
all non-empty finite intersections U i ,,,i k = U{ x Pi ... Pi U k are contractible) , 
hence every closed 2-form admits a trivialization. Given such a trivialization 
of uj, we can construct a transitive Lie algebroid over M. Over each U we 
consider the Lie algebroid 

At =TUi®R^ U, 

with bracket 

[Vl + fl,V2 + f2\i = [VI,V 2 ] + Vl(f 2 ) ~ V 2 (fl) 

for all Vi + fi G X(U{) © C°°(Ui), and anchor p given by the projection onto 
TU{. From the 1-forms dgij G ^(Uj), we can construct transition functions 

Gij: Uij -> GL(n + l), 

Gij(x)= Ud, i)' 
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which act on a point v x + r G A4 \ by 

Gij(x)(v x + r) = v x + r + dgij(v x ). 

Clearly, each satisfies the cocycle conditions on Uyk by virtue of Eq. [2j 
Therefore, we have over M the vector bundle 

a = J] r^c/i e m/ ~, 

where the equivalence is defined via the functions Gij in the usual way. For 
any sections V{ + fi of A j | ^ , a direct calculation shows that 

[Gijivt + h),G i3 {v 2 + / 2 )]. = Gij([«i,«2] + vi(/ 2 ) - «2(/i)). 

Hence the local bracket descends to a well-defined bracket on the 

quotient. Henceforth, (A, [•, -J^ , p) will denote this transitive Lie algebroid 
associated to the closed 2-form ui. 

It's easy to see that the above Lie algebroid is an extension of the tangent 
bundle 

0->MxR4i4 TM -»• 0. 
Moreover, the 1-forms 6{ G r2 1 ({7j) induce a splitting 

s : TM A 
of the above sequence defined as 

s(Ua;) = - V w x e TUi. (3) 

By a slight abuse of notation, we denote the horizontal lift r(s): X(M) — > 
T(A) also by s. Hence every section e G r(^4) is of the form e = s(v) + /, for 
some f G X(M) and / G C°°(M). Using the local definition of the splitting 
and the fact that uj\jj i = dOi, a direct calculation shows that 

[s(vi) + fi,s(v 2 ) + /2U = s(bl>«2]) + vi{f 2 ) - v 2 (fi) - t t2 i Bl w, (4) 

for all sections s{vi) + fi. The failure of the splitting s : TM — > A to preserve 
the Lie bracket on sections is measured by the 2-form 

[s(ui),s(u 2 )]a = sCbi,^]) - w(ui,v 2 ), Vui,«2 G X(M). 

It is a simple exercise to show that a different choice of trivialization gives 
a Lie algebroid equipped with a splitting that is isomorphic to A equipped 
with the splitting given in Eq. [3l 

2.2. The Poisson algebra. Let (M,u) be a symplectic manifold. Here 
{/><?} = (^{vf^Vg) denotes the Poisson bracket on smooth functions. The 
vector field Vf, satisfying the equality df = —i Vf U), is the unique Hamiltonian 
vector field corresponding to the function /. We denote the Lie algebra of 
Hamiltonian vector fields by 3CYL am (M). Let (A, [■, -] A , p) be the Lie algebroid 
associated to 00 and s : TM — > A be the splitting defined in Eq. [3l We are 
interested in a particular Lie sub-algebra of T(A) acting on the subspace 
s(X(M)) C F(A) via the adjoint action. 
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Definition 2.1. A section a = s(v) + / £ T(A) preserves the splitting 

s: TM -> A iff W £ X(M) 

[a,s(v')] A = s([v,v']). 
The subspace of sections that preserve the splitting is denoted as T(A) S . 
Proposition 2.2. T(A) S is a Lie subalgebra ofT(A). 

Proof. Follows directly from the fact that the bracket on T(A) and the 
bracket on X(M) both satisfy the Jacobi identity. □ 

It is easy to show that a section s(v) + / preserves the splitting if and 
only if v = Vf. In fact: 

Proposition 2.3. The underlying Lie algebra of the Poisson algebra (C°°(M), {•,•}) 
is isomorphic to the Lie algebra (T{A) S , [-j-]^). 

Proof. For any vector field v' £ X(M), it follows from Eq. U]that we have 
[s(v) + /, s(v')] A = s([v, v']) if and only if 

v'(f) + co(v,v') = 0, 

and hence df = —l v uj. Therefore the injective map 

0:C-(M)^r(^) s , <t>{f) = s{vf) + f 

is also surjective. If Vf and v g are Hamiltonian vector fields corresponding 
to the functions / and g, respectively then 

W),<f>(g)] A = [8(v f ) + f,8(v g )+g] A 

= s ([ v f, v g)) + i v f(g) - Vg{f)) ~ tvgivfU 

= s([Vf,Vg\) +Uj(Vf,Vg) 

= H{f,g})- 

□ 

2.3. Deligne cohomology. We now briefly review some basic facts con- 
cerning smooth Deligne cohomology. We will mainly use this as a convenient 
language for dealing with geometric objects, such as principal [/(l)-bundles 
or U (l)-gerbes, equipped with extra structure. Our presentation follows Sec. 
3 of Carey, Johnson, and Murray |llj . For more details, we refer the reader 
to the book by Brylinski [8]. 

Let U(l) and Q k denote the sheaves of smooth [/(l)-valued functions 
and differential fc-forms, respectively, on a manifold M. Consider the exact 
sequence of sheaves D*\ 

[/(i^oi 4... 4 P > L 
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Define the Deligne cohomology H'(M, D*) to be the Cech hyper-cohomology 
of Dp. This is the total cohomology of the double complex: 



£7(1) (W^ 



dlog 



■ np(wP]) 



np(wW) 



np(w[°i) 



where W = {£7} is a good cover of M, 5 is the usual Cech co-boundary 
operator, and U{1)(U^) and n k (U^) denote the abelian groups 

u{i){u [n] ) = TT UQ) (u i0 nu i2 ---nu in ), 
n k (u^)= H n k (u i0 nu i2 ---nu in ). 

We will focus on the groups H P (M,D°). They can be thought of as a 
refinement of the usual Cech cohomology groups H'(M, £7(1)). In particular, 
there is a surjection 

H p (M,D' p ) -» H P (M,U(1)). 

Hence, via the usual isomorphism H p (M,U(l)) = H P+1 (M,Z), we have a 
surjection 

c: H p (M,D' p ) -» H P+1 (M,Z). (5) 

If [£] G H p (M,D'), then c([£]) is called the Chern class of [£]. 
There is also a map of complexes 



!7(i)^ni_^n2 



if 



where d is the de Rham differential. This induces a map 

K:HP(M,D;)^n p c ^(M), (6) 

where f^ +1 (M) are the closed (p+ l)-forms on M. If [£] G 7P(M, £>*), then 
«([£]) is called the (p + l)-curvature of [£]. If j: H k (M,Z) -»• H k (M,R) 
is the map induced from the inclusion of the constant sheaves Z R, 
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then one can prove that j(c([£])) G H p+1 (M,R) corresponds to the class 
(— G (Af) via the isomorphism between Cech and de Rham 
cohomology. 

2.4. Prequantization. A symplectic manifold (M,ui) admits a prequan- 
tization iff the cohomology class [u] lies in the image of the map H 2 (M, Z) — > 
H 2 (M,R) S il£ R (Af). By virtue of Eq. [5j there exists a Deligne class in 
i? 1 (M, D") whose 2-curvature is w. By definition, a representative of this 
class defined on a good cover {U{\ is a collection of 1-forms {9i G S7 1 (t/j)} , 
and [/(l)-valued functions : L^j — > U(l)} such that 

w = d6i on C7j, 

% ~0i = g^dgij on £7y, 

9jk9ik9ij = 1 on {Jyjfc. 

Hence a 1-cocycle is a principal t/(l)-bundle P A M equipped with a 
connection G ^ 1 (-P) with curvature d6 = ir*uj. A symplectic manifold 
equipped with such a 1-cocycle is said to be prequantized. 

The Deligne 1-cocycle also gives, of course, a trivialization of the 2- 
form u), and therefore the transitive Lie algebroid (A, [-, ,p) over M 
equipped with the splitting s : TM — > A. However in this case, the functions 
{dij- Uij — > U(l)} are the transition functions of the bundle P. Therefore, 
by identifying u(l) with M, we see that A is isomorphic to the Atiyah alge- 
broid TP/U{1). A point in A corresponds to a vector field along the fiber 
ir^ 1 (x) that is invariant under the right £7(1) action. Hence a global section 
of A corresponds to a f7(l)-invariant vector field on P. 

In general, splittings ofO-^MxlR-^A-f TM — > correspond to 
connection 1-forms on P. The connection 1-form 9 G ^(P) induces a 'left- 
splitting' S:4->MxI such that 9 o s = 0. It is straightforward to show 
that a £T(A) S if and only if 

C a 9 = 0. 

That is, a section of the Atiyah algebroid preserves the splitting if and 
only if it preserves the corresponding connection on P. For a prequantized 
symplectic manifold, the Lie algebra T(A) S is a Lie sub-algebra of derivations 
on C°°(P)c and therefore on the global sections of the associated line bundle 
of P. Proposition 12.31 then implies that we have a faithful representation, or 
quantization, of the Poisson algebra (C°°(M), {-,•})• 

2.5. The Kostant-Souriau central extension. If (M, cj) is a connected 
symplectic manifold, then we have a short exact sequence of Lie algebras 

-> u(l) -> C°°(M) -> X H am(M) -> (7) 

The underlying Lie algebra of the Poisson algebra is known as the Kostant- 
Souriau central extension of the Lie algebra of Hamiltonian vector fields 
[19] . If a: XHam(^0 - ► C°°(M) is a splitting of the underlying sequence of 
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vector spaces, then the failure of a to be a strict (i.e. bracket-preserving) 
Lie algebra morphism is measured by the difference 

{<t(vi),o-(u 2 )} - a([vi,v 2 )) 

which represents a degree 2 class in the Chevalley-Eilenberg cohomology 
H^ E (Xna,ra(M),M). This class can be represented by using the symplectic 
form. More specifically, pick a point x G M and let c G Hom(A 2 £Ham(-^0, 
be the co chain given by: 

c(v, v') = -LU(V, v')\ x , Vv, v' G Xu^m(M). 

The fact that c is a cocycle follows from the bracket {•,•} satisfying the 
Jacobi identity. One can show that the class [c] does not depend on the 
choice of x G M. 

If (M, uj) is a prequantized connected symplectic manifold, then Prop. 
12.31 implies that the 'quantized Poisson algebra' gives an isomorphic central 
extension 

-> tt(l) -)• T(^) S -> X H am(M) -> 0. 

This central extension is responsible for introducing phases into the quan- 
tized system. Two functions / and /' differing by a constant r G u(l) will 
have the same Hamiltonian vector fields and therefore give the same flows 
on M. However, their quantizations will give unitary transformations which 
differ by a phase exp(2ir\/ — lr). 

3. 2-PLECTIC GEOMETRY 

In this section we give an overview of 2-plectic geometry. Motivation for 
the definitions presented here, as well as examples and applications can be 
found in previous work [HE]. All of the following definitions and propositions 
generalize to arbitrary n-plectic manifolds, so we refer the reader to our 
recent work [27\ for proofs and more details. 

Definition 3.1. A 3-form uj on a smooth manifold M is 2-plectic, or more 
specifically a 2-plectic structure, if it is both closed: 

dw = 0, 

and nondegenerate: 

Vv G T X M, l v u = 0^v = 
If cu is a 2-plectic form on M we call the pair (M,u) a 2-plectic manifold. 

The 2-plectic structure induces an injective map from the space of vector 
fields on M to the space of 2- forms on M. This leads us to the following 
definition: 

Definition 3.2. Let (M,uj) be a 2-plectic manifold. A 1-form a on M is 
Hamiltonian if there exists a vector field v a on M such that 

da = -i Va 0J. 
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We say v a is the Hamiltonian vector field corresponding to a. The set of 

Hamiltonian 1- forms and the set of Hamiltonian vector fields on a 2-plectic 
manifold are both vector spaces and are denoted as ^^(M) and %Hain(M), 
respectively. 

The Hamiltonian vector field v a is unique if it exists, but there may be 
1-forms a having no Hamiltonian vector field. Furthermore, two distinct 
Hamiltonian 1-forms may differ by a closed 1-form and therefore share the 
same Hamiltonian vector field. 

We can generalize the Poisson bracket on functions in symplectic geometry 
by defining a bracket on Hamiltonian 1-forms. 

Definition 3.3. Given a, (3 G ^Ham(^)> ^ e bracket {a, j3} is the 
1-form given by 

{a,f3} = t Vp L Va uj. 

Proposition 3.4. Let a, /3, 7 G 0^ am (M) and let v a ,v^,v 1 be the respective 
Hamiltonian vector fields. The bracket {■,■} has the following properties: 

(1) The bracket of Hamiltonian forms is Hamiltonian: 

d{a,(3} = -L [VatV?] u}, (8) 
so in particular we have 

V{ a ,p} = [v a ,vp\. 

(2) The bracket is skew-symmetric: 

{a, 13} = -{/3, a} (9) 

(3) The bracket satisfies the Jacobi identity up to an exact 1-form: 

{a,{/3,7}} - {{a, 13} ,7} - {/3,{a,7}} = di Va i Vl3 i Vl uj. (10) 

Proof. See Propositions 3.5 and 3.6 in [27]. □ 

Note that Eq. [8] in the above proposition implies that 3Lft &m (M) is a Lie 
algebra. 

4. COURANT ALGEBROIDS 

Here we recall some basic facts and examples of Courant algebroids and 
then we proceed to describe Severa's classification of exact Courant alge- 
broids. There are several equivalent definitions of a Courant algebroid found 
in the literature. The following definition, due to Roytenberg [30J, is equiv- 
alent to the original definition given by Liu, Weinstein, and Xu [23]. 

Definition 4.1. A Courant algebroid is a vector bundle C — >■ M equipped 
with a nondegenerate symmetric bilinear form (•,•) on the bundle, a skew- 
symmetric bracket [vie on r(C), and a bundle map (called the anchor,) 
p: C -)• TM such that for all e 1 ,e 2j e 3 e T(C) and for all f,g G C°°(M) the 
following properties hold: 

(1) [ex, [e 2 ,e 3 ] c ] c - [[ei, e 2 ] c , e 3 ] c - [e 2 , [ei,e 3 ] c ] c = -DT(ei, e 2 , e 3 ), 
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(2) p([e 1 ,e 2 } c ) = [p(ei),p(e 2 )], 

(3) [ei, fe 2 ] c = f [ei,e 2 ] c + p{ei){f)e 2 - \{e x ,e 2 )Df, 

(4) (Df,Dg) = 0, 

( 5 ) P( e i) (( e 2, e3» = ([ei, e 2 ] c +5-D(ei, e 2 ), e 3 )+(e 2 , [ei, ez] c +\D(ei, e 3 )) ; 
where [•, •] is i/te Lie bracket of vector fields, D : C°°(M) — > T(C) is the map 
defined by (Df,e) = p(e)f, and 

T(e 1 ,e 2 ,e 3 ) = - ({[ex, e 2 ] c , e 3 ) + ([e 3 , ei] c , e 2 ) + ([e 2 , e 3 ] c , ei)) . 

The bracket in Definition 14.11 is skew-symmetric, but the first property 
implies that it needs only to satisfy the Jacobi identity "up to DT" . Note 
that the vector bundle C — >• M may be identified with C* — > M via the 
bilinear form (•, •) and therefore we have the dual map 

p* : T*M -»• C. 

Hence the map D is simply the pullback of the de Rham differential by p*. 

There is an alternate definition given by Severa [34] for Courant algebroids 
which uses a bracket operation on sections that satisfies a Jacobi identity 
but is not skew-symmetric. 

Definition 4.2. A Courant algebroid is a vector bundle C —> M together 
with a nondegenerate symmetric bilinear form (•,•) on the bundle, a bilinear 
operation [vie on -T(C), and a bundle map p: C — >• TM such that for all 
e i; e 2)C3 G r(C) and for all f G C°°(M) the following properties hold: 

(1) [ei, [e 2 , e 3 ] c ] c = [[d, e 2 ] c , e 3 ] c + [e 2 , [ei, e 3 ] c ] C; 

(2) p([ ei) e 2 ] c ) = [p(ei)^(e2)], 

(3) [ ei , /e 2 ] c = / [ei, e 2 j c + /3 (e 1 )(/)e 2 , 

(4) [e 1} eij c = ^D(ei.ei), 

( 5 ) P(ei) ((e2,e 3 )) = ([ei, e 2 ] c , e 3 ) + (e 2 , [ei,e 3 ] c ), 

where [■,■] is the Lie bracket of vector fields, and D : C°°(M) — > T(C) is the 
map defined by (Df,e) = p(e)f. 

Roytenberg [30j showed that C — > M is a Courant algebroid in the sense 
of Definition 14.11 with bracket [•, -] c , bilinear form (•, •) and anchor p if and 
only if C — > M is a Courant algebroid in the sense of Definition 14.21 with the 
same anchor and bilinear form but with bracket [•, -J c given by 

[ei, e 2 ] c = [ei, e 2 ] c + -xD(e x , e 2 ). (11) 

All Courant algebroids mentioned in this paper are Courant algebroids in 
the sense of Definition 14.11 We introduced Definition 14.21 mainly to connect 
our discussion here with previous results in the literature. 

Example 1. An important example of a Courant algebroid is the standard 
Courant algebroid C = TM © T*M over any manifold M equipped with 
the standard Courant bracket: 

[vi + a 1 ,v 2 + a 2 ] c =[v 1 ,v 2 ]+C Vl a 2 -C V2 ai-^d{v 1 +a 1 ,v 2 + a 2 ) , (12) 
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where 

(yi + a\,V2 + a 2 ) = i Vl a2 — i V2 oti (13) 
is the standard skew-symmetric pairing. The bilinear form is given by 
the standard symmetric pairing: 

(vi + ai,V2 + a2) + = iv x OL2 + l V2 ol\. (14) 

The anchor p: C — > TM is the projection map, and D = d is the de Rham 
differential. The bracket [vie * s skew-symmetrization of the standard 
Dorfman bracket [T3], [H] : 

[«i +ai,f 2 + a2lc = bl> u 2] +^i«2 - ^rfai, (15) 
which plays the role of the bracket given in Definition 14.21 

The standard Courant algebroid is the prototypical example of an exact 
Courant algebroid [6]. 

Definition 4.3. A Courant algebroid C — > M with anchor map p: C —> TM 
is exact iff 

-»• T*M 4 C 4 TM -+ 
is an exact sequence of vector bundles. 

4.1. The Severa class of an exact Courant algebroid. Severa's classi- 
fication [31] originates in the idea that a particular kind of splitting of the 
above short exact sequence corresponds to defining a connection. 

Definition 4.4. A splitting of an exact Courant algebroid C over a man- 
ifold M is a map of vector bundles s : TM — > C such that 

(1) po s = id T M, 

(2) {s(vx), s(v 2 )) = for allv 1 ,v 2 G TM, 

where p: C — > TM and (•,•) are the anchor and bilinear form, respectively. 

In other words, a splitting of an exact Courant algebroid is an isotropic 
splitting of the sequence of vector bundles. Bressler and Chervov call split- 
tings 'connections' [BJ. If s is a splitting and B G Q 2 (M) is a 2- form then 
one can construct a new splitting: 

(s + B)(v) = s(v) + p*B(v,-). (16) 

Furthermore, one can show that any two splittings on an exact Courant 
algebroid must differ by a 2-form on M in this way. Hence the space of 
splittings on an exact Courant algebroid is an affine space modeled on the 
vector space of 2- forms Q 2 (M) [6]. 

The failure of a splitting to preserve the bracket gives a suitable notion 
of curvature: 

Definition 4.5 ([6]). IfC is an exact Courant algebroid over M with bracket 
[•, -] c and s: TM — )• C is a splitting then the curvature is a map F: TM X 
TM defined by 

F(v 1 ,v 2 ) = [a(vi),s(v 2 )] c - s ([vi, v 2 ]) ■ 
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If F is the curvature of a splitting s, then given vi,v 2 G TM, it follows 
from exactness and axiom [2] in Definition 14.11 that there exists a 1-form 
&vi,v2 £ fi(M) such that F(t>i,f2) = P*(c t Vl ,v 2 )- Since s is a splitting, its 
image is isotropic in C. Therefore for any v 3 S TM we have: 

{F(v 1 ,v 2 ),s(v 3 )) = ([s (vi) , s (v 2 )] c , s(v 3 )) . 

The above formula allows one to associate the curvature F to a 3-form on 
M: 

Proposition 4.6. Let C be an exact Courant algebroid over a manifold M 
with bracket [•, -]c an d bilinear form (•,•). Let s: TM — > C be a splitting on 
C. Then given vector fields vi,V2,v 3 on M: 

(1) The function 

u(vi,V2,v 3 ) = ([s (vi) , s (v 2 )] c , s(v 3 )) 

defines a closed 3-form on M . 

(2) If 9 £ r2 2 (M) is a 2-form and s = s + 9 then 

oj(vi,v 2 ,v 3 ) = {[s (vi) , s (v 2 )] c , s(v 3 )} 

= co(v 1 ,v 2 ,v 3 ) + d0(vi,v 2 ,v 3 ). 

Proof. The statements in the proposition are proved in Lemmas 4.2.6, 4.2.7, 
and 4.3.4 in the paper by Bressler and Chervov |6j. In their work they 
define a Courant algebroid using Definition 14.21 an d therefore their bracket 
satisfies the Jacobi identity, but is not skew-symmetric. In our notation, 
their definition of the curvature 3-form is: 

v{v 1} v 2 , v 3 ) = (Is (ui) , s (v 2 )j c , s(v 3 )}. 

In particular they show that [-, -] c satisfying the Jacobi identity implies v 
is closed. The bracket [-,-]q does not satisfy the Jacobi identity in general. 
However the isotropicity of the splitting and Eq. [TT] imply 

[s(Vl), s(v 2 )j c = [s(vi), s(v 2 )] c Vui,u 2 e TM. 

Hence v = u, so all the needed results in [6] apply here. □ 

Thus the above proposition implies that the curvature 3-form of an exact 
Courant algebroid over M gives a well-defined cohomology class in H^^(M), 
independent of the choice of splitting. 

Definition 4.7 (|15j). The Severa class of an exact Courant algebroid 
with bracket [vie an ^ bilinear form (•,•) is the cohomology class [—u>] £ 
H^ R (M), whe re 



u(vi,v 2 ,v 3 ) = ([s (vt) ,s(v 2 )] c ,s(v 3 )). 
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5. The Courant algebroid associated to a 2-plectic manifold 

In this section we recall how to explicitly construct an exact Courant alge- 
broid with Severa class [ui]. This is the 3- form analogue of the construction 
that gives a transitive Lie algebroid over a pre-symplectic manifold, which 
was previously discussed in Sec. 12,11 The approach given here is essentially 
identical to those given by Gualtieri [15], Hitchin [17], and Severa [34] . 

Let (M, uj) be a manifold equipped with a closed 3-form. A trivialization 
of uj is an open cover{[/j} of M equipped with 2-forms Bi G £l 2 (Ui), and 
1-forms Aij G Q}{Uij) on intersections such that 

uj\tt. = dB; 

(17) 

| t/y =dAij. { > 

Given such a trivialization, over each open set Ui consider the bundle Cj = 
TUi ®T*Ui — > Ui equipped with the standard pairing 

(vi + Qi,f 2 + a 2 ) i = i*v x OL2 + i V2 ai, (18) 

vi,V2 G 3L(Ui), ai,a2 G f2 1 (J7j), which has signature (n,n). On double 
intersections, it's easy to see that 

(vi + t Vl dAij + ai,v 2 + i V2 dAij + a 2 )^ = (v\ + a>i,v 2 + a 2 )^ . 

Hence the 2-forms {dAij} generate transition functions 

Gij : Uj -)• SO(n,n), 



Gij(x) 



1 

dAij | x 1 



which satisfy the cocycle conditions on U^ by virtue of Eq. [TTJ Therefore, 
we have over M the vector bundle 

C=\\ T x Ui®T*Ui/ ~, 

equipped with a bilinear form denoted as -) + . C sits in the exact sequence 

-> T*M 4 C 4 TM 0, 

where the anchor p is induced by the projection T*U T[/j — > TUi, and j 
is the inclusion. 

The 2-forms {£>i} induce a bundle map s: TM — > C 

s(v x ) =v x - i Vx Bi if x G J7j, (19) 

It follows from Eq. [T7] that s is well-defined when x G ET^,-. It is easy to 
see that this map is an isotropic splitting (Def. I4.4p . Hence every section 
e G r(C) can be uniquely expressed as 

e = s(v) + a, 
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for some v G X(M) and a G Q 1 (M). As before, we use s to also denote the 
map r(s) : X(M) — > r(C). The anchor map is just 

p(s(v)+a) = v. (20) 

Given sections s(vi) + s(t>2) + «2 G T(C), a local calculation using Eq. 
[T9l gives 

+ «1, s(« 2 ) + «2) + = S«2 - tvi^V2 B i + iv2 a l - h 2 L vi B i 
= (Vi + ai,«2 + "2/ ■ 

The above equality holds, in fact, for any splitting s' : TM — > C, since s — s' 
is a 2-form on M and therefore skew-symmetric. The bracket on T(C) is 
defined over the open set Ui by: 

[s(vi) + a\, s(v 2 ) + a 2 ] c \u t = [s{v\) + ai,s(v 2 ) + a 2 ] i 

where [•,•], is the standard Courant bracket (|12p on Cj. Since the 2-forms 
{dAij} are closed, it follows by direct computation that on double intersec- 
tions Uij\ 

[Gijiyi + a 1 ),G ij (v 2 + a 2 )] i = + a 1; v 2 + a 2 ] i ). 

Hence the bracket [-,-]q is indeed globally well-defined. Using the local 
definition of the bracket and the splitting, as well as the fact that dBi = u, 
it is easy to show that 

[s(vi) + ai,s(v 2 ) + a 2 ] c = s([vi,v 2 ]) + C Vl a 2 - C V2 ai 

1 - ( 22 ) 

- 2 d ( Vl + a i' u 2 + a 2 ) - l V2 l Vi oj. 

The bracket [-,-] c is called the twisted Courant bracket. A analo- 
gous construction using the standard Dorfman bracket (fT5|) on C{ gives the 
twisted Dorfman bracket: 

{s(vi) + ai,s(v 2 ) + a 2 j c = s([vi,v 2 ]) + C Vl a 2 - i V2 da\ - l V2 l Vi u. (23) 

These brackets were studied in detail by Severa and Weinstein [34^ [35] . 

It is straightforward to check that C — > M equipped with the aforemen- 
tioned bilinear form, anchor, and bracket [vie ^ s an exac t Courant algebroid 
(Definition 14. ip . Just as in Lie algebroid case (Sec. 12. the construction of 
C is independent of the choice of trivialization up to a splitting-preserving 
isomorphism. 

A direct calculation shows that 

-u(vi,v 2 ,v 3 ) = ([s (yi) ,s{v 2 )] c ,s(v 3 )) + . 

Hence by Prop, l4~6l the Courant algebroid C has Severa class [u]. Of course, 
we are interested in the special case when w is a 2-plectic structure. We 
summarize the above discussion with the following proposition: 
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Proposition 5.1. Let (M,lv) be a 2-plectic manifold. Up to isomorphism, 
there exists a unique exact Courant algebroid C over M , with bilinear form 
(•,-) + , anchor map p, and bracket [•,•]<? gi ven i n Eqs. [23 and\2^ re- 
spectively, and equipped with a splitting whose curvature is —uj. 

6. Lie 2-algebras 

Both the Courant bracket and the bracket on Hamiltonian 1-forms are, 
roughly, Lie brackets which satisfy the Jacobi identity up to an exact l-form. 
This leads us to the notion of a Lie 2-algebra. In general, a Lie n-algebra is 
a n-term Loo-algebra. It consists of a graded vector space concentrated in 
degrees 0, . . . , n— \ and is equipped with a collection of skew-symmetric k-sxy 
brackets, for 1 < k < n+1, that satisfy a generalized Jacobi identity [20], [2Tj . 
In particular, the k = 2 bilinear bracket behaves like a Lie bracket that only 
satisfies the ordinary Jacobi identity up to higher coherent chain homotopy. 
Baez and Crans showed that Lie 2-algebras are equivalent to categories 
internal to the category of vector spaces over R equipped with structures 
analogous to those of a Lie algebra, for which the usual law involving the 
Jacobi identity holds only up to natural isomorphism [T]. (Note that what 
we call a Lie 2-algebra is called a 'semistrict Lie 2-algebra' in [I], [2], and 
[32].) 

As Loo-algebras, Lie 2-algebras are relatively easy to work with and one 
can write out the axioms explicitly. Therefore we use the following definition 
which is equivalent the usual definition for an Loo-algebra |21j when the 
underlying complex is concentrated in degrees and 1. 

Definition 6.1. A Lie 2-algebra is a 2-term chain complex of vector spaces 
L. = (Li — >■ Lq) equipped with: 

• a skew- symmetric chain map [■,■}'■ L, ®L, — > L. called the bracket, 

• a skew- symmetric chain homotopy J : L. (g) L. (g) L. — )■ L. from the 
chain map 

L. ® L. ® L. -)■ L. 

x®y®z i — y [x, [y, z]], 

to the chain map 

L.®L m ®L. -> L. 

x®y®z i — > [[x,y],z} + [y,[x,z]} 

called the Jacobiator, 

such that the following equation holds: 

[x,J(y,z,w)] + J(x, [y,z],w) + J(x,z, [y,w]) + [J(x,y,z),w] 

+[z,J(x,y,w)] = J{x,y, [z,w]) + J([x,y],z,w) (24) 
+[y,J(x,z,w)] + J(y,[x,z],w) + J(y, z, [x, w]). 

We will also need a suitable notion of morphism: 
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Definition 6.2. Given semistrict Lie 2-algebras L = (L,, [•,•], J) and L' = 
(L' 9 , [-, •] , J') a morphism from L to V consists of: 

• a chain map </>, : L, — > L' 9 , and 

• a chain homotopy $ : L m ® L, — > L' t from the chain map 

x®y i — > 4>,([x,y]) 

to the chain map 

L.®L. -> l; 

x(g)y i — > {4>.(x),4>.(y)}' , 
such that the following equation holds: 

(j)x(J{x,y,z)) - J'(0 o (x),0o(y),0o(>)) = 

$(x, [y, z]) - y], 2) - [x, z]) - [$(x, y), O (^)]' (25) 
+ [0 o (x),<D(y,z)]'- [0 o (y),<&(x,z)]'. 

We say a morphism is strict iff = 0. 

This definition is equivalent to the definition of a morphism between 2- 
term Loo-algebras [20] . 

Definition 6.3. A Lie 2-algebra morphism (</>.,$): L — > L' is a quasi- 

isomorphism iff the chain map <j) m induces an isomorphism on the homology 
of the underlying chain complexes of L and L' . 

6.1. The Lie 2-algebra from a 2-plectic manifold. Any n-plectic mani- 
fold gives a Lie n-algebra which can be understood as the n-plectic analogue 
of the Poisson algebra [27J. We now review this construction for the 2-plectic 
case. The underlying 2-term chain complex of our Lie 2-algebra is: 

L. = C°°(M)4(4 ni (M) 

where d is the de Rham differential. This chain complex is well-defined, 
since any exact form is Hamiltonian, with as its Hamiltonian vector field. 
We can construct a chain map 

[-,-]: L, ®L, -> L„ 

by extending the bracket {•, •} on f2jj am (M) trivially to L,. In other words, 
in degree 0, the chain map is given as in Definition 13.31 

[a,/3] = {«,/?} = L Vfj L Va uJ, 

and in degrees 1 and 2, we set it equal to zero: 

[a, /]=(), [/,a]=0, [f,g} = 0. 

The precise construction of this Lie 2-algebra is given in the following the- 
orem: 

Theorem 6.4. If (M,u>) is a 2-plectic manifold, there is a Lie 2-algebra 
Loo(M,u;) = (L., [•,•], J) where: 

• L = ^HamW> 
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• Li = C°°(M) ; 

• the differential L\ A Lq is the de Rham differential, 

• the bracket [■,■] is {•,•} in degree and trivial otherwise, 

• the Jacobiator is given by the linear map J : ^HamO^O ® ^HamC^O ® 

^Ham( M ) ~^ C 00 ' w/lere %A7) = hjalvpt^U- 

Proof. See Theorem 5.2 in |27j . □ 

6.2. The Lie 2-algebra from a Courant algebroid. Similarly, given 
any Courant algebroid C — > M with bilinear form (•,•), bracket and 
anchor p : C — > TM, one can construct a 2-term chain complex 

l. = c°°(m) 4 r(c), 

with differential D = p*d where d is the de Rham differential. The bracket 
[•, -] c on global sections can be extended to a chain map [•, •] : L. <X>L. — > L.. 
If e%, e 2 are degree chains then [ei, e2] is the original bracket. If e is a degree 
chain and f,g are degree 1 chains, then we define: 

[eJ] = -[f,e] = ^(e,Df) 

[f,g] = o. 

It was shown by Roytenberg and Weinstein [29] that this extended bracket 
gives a Loo-algebra. Roytenberg's later work [31], [32] implies that a brutal 
truncation of this Loo-algebra is a Lie 2-algebra whose underlying complex 
is L.. For the Courant algebroid C constructed in Section their result 
implies: 



Theorem 6.5. If C is the exact Courant algebroid given in Proposition \5.1\ 
then there is a Lie 2-algebra Loo(C) = (L., [•,•], J) where: 

• L = T(C), 

• Li = C°°(M), 

• f/ie differential L\ Lq is D = p*d, 

• the bracket [•, •] is 

[eij^] = [ e i) e 2]c? * n degree 

and 

[ e > /] = -[/> e ] = 2 ( e ' in degree 1, 

• f/ie Jacobiator is the linear map J : T(C) (g> T(C) <g> T(C) -)• C°°(M) 
defined by 

L(ei,e 2 ,e 3 ) = -T(e 1 ,e 2 ,e 3 ) 

= -g (([ei>e2]c,e 3 } + + <[e 3 , ei] c , e 2 > + 
+<[e2,e 3 ] c ,ei) 
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More precisely, the theorem follows from Example 5.4 of [32J and Section 
4 of |31j . On the other hand, the original construction of Roytenberg and 
Weinstein gives a Loo-algebra on the complex: 

-»• keiD A C°°(M) 4 r(C), 

with trivial structure maps Z n for n > 3. Moreover, the map £2 (correspond- 
ing to the bracket [•, •] given above) is trivial in degree > 1 and the map I3 
(corresponding to the Jacobiator J) is trivial in degree > 0. Hence these 

maps induce the above Lie 2-algebra structure on C°°(M) 4 T(C). 

7. The algebraic relationship between 2-plectic and Courant 

In Section [5l we described how one can construct over a 2-plectic manifold 
(M,u>), an exact Courant algebroid (C, [•, -] c , (•, -) + , p) equipped with a 
splitting s: TM — > C whose curvature is —uj. In this section, we show there 
is a complementary algebraic relationship. We can interpret these results as 
the 2-plectic analogues of those given in Section [2.21 

Theorem 7.1. Let (M, uj) be a 2-plectic manifold and let C be its corre- 
sponding Courant algebroid. Let L 00 (M,uj) and L^C) be the Lie 2-algebras 
corresponding to (M, oj) and C , respectively. There exists a morphism of Lie 
2-algebras embedding L 00 (M,oj) into L 00 (C). 

Before we prove the theorem, we introduce some technical lemmas to 
ease the calculations. Recall from Eq. [13] that the formula for the standard 
skew-symmetric pairing on X(M) © Q 1 (M): 

(«1 + ai,V2 + 02) =tuia2-t« 2 ai. 

In what follows, by the symbol "c.p" we mean cyclic permutations of the 
symbols a, /3, 7. 

Lemma 7.2. If a, (3 G ^H am (^) with corresponding Hamiltonian vector 
fields v a ,V/3, then C Va j3 = {a, f3} + di Va f3. 

Proof. Since C v = i v d + di v , 

£v a P = iv a dP + di Va /3 = -L Va i V/3 uj + di Va /3 = {a,/3} + du Va P. 

□ 

Lemma 7.3. //a,/?, 7 G Sl^ am (M) with corresponding Hamiltonian vector 
fields v a ,v p, Vry, then 

uj + i Va d(v/3 + /3,« 7 + 7} 
+ i<v-,d(y a + a, vp + 0) + L Vp d{y^ + 7, v a + a) 
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Proof. The identity i[ VatVp ] = £-v a L vp — tvp£v a and Lemma E2] imply: 

= C Va i Vf tf - L Vf} ({a, 7} + dt Va j) 
— Lv a dL V p'y L v ^L v ^i Va ui L V pdi Va ^f 7 

where the last equality follows from the definition of the bracket. 
Therefore we have: 

^[vp,v-y]® — L V pdl v ^OL t' V ^L* Ua L V pUS L v ^di V pQt, 

and Eq. [13] implies 

iv a di v ^ - L Va di Vl f3 = L Va d(vp + /?, u 7 + 7) . 

The statement then follows. □ 

Lemma 7.4. If a, (3 £ f2jj am (M) with corresponding Hamiltonian vector 
fields v a ,v/3, then 

C Va j3 - C V/3 a = 2 {a, (3} + d(v a + a,vp + 0) . 

Proof. Follows immediately from Lemma 17.21 and Eq. [13l □ 

Proof of Theorem \ 7. 71 We will construct a morphism from L OQ (M, u) to 
Loo(C). Let 

L. = C°°(M) -4 ^Ham(M), 

[•,-] L : L. ®L, -> L„ 
Jl : L. (8) L. <g> £. ->• L. 

denote the underlying chain complex, bracket, and Jacobiator of the Lie 
2-algebra L OCJ (M, u). Similarly, 

L' % = C°°(M) A r(c), 

[•,-] L , : l; ® l; -»• L'„ 

J L > : L',®L' m ® L' u -)• L'. 

denotes the underlying chain complex, bracket, and Jacobiator of the Lie 
2-algebra L 00(C). 

Let s: TM -> C be the splitting. Let O : ^Ham( M ) ~> r (C) be g iven b y 

(f) (a) = s(v a ) + a, 

where v a is the Hamiltonian vector field corresponding to a. Let <f>i : C°°(M) —> 
C°°(M) be the identity. Then 0, : L, — > L\ is a chain map, since the 
Hamiltonian vector field of an exact 1-form is zero. Let $: ^^(M) ® 
^(M) -> C°°(M) be given by 

$(a,/3) = --(v a + a,vj3 + (3)'. 
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Now we show $ is a well-defined chain homotopy in the sense of Definition 
Ehl We have 

[<£o («), Ml 3 )} v = i s ( v a) + "> s ( v f3) + 0\ c 

= s([v a ,vp]) + C Va f3 - C V0 a - i V/3 i Va u 

- ^d(v a +a,vp + ^6) 

= s([v a , vp\) + {a, /3} + l;d(v a + a,v/3 + 13)" 

= s([v a ,vp]) + [a,0\ L - d<$>(a,/3). 

The second line above is just the definition of the twisted Courant bracket 
(Eq. [22j) , while the second to last line follows from Lemma 17.41 and Def . 13.31 
of the bracket {•, •}. By Prop. [331 the Hamiltonian vector field of {a, (3} is 
[van v p\- Hence we have: 

In degree 1, the bracket [-,-] L is trivial. It follows from the definition of 
[•, -} L , that 

<M[«>/]l) ~ [0o(a),0i(/)] L , = -^(s(v a ) + a,df) + . 
From Eq. [211 we have 

(s(v a ) + a, df) + = (s{v a ) + a, s(0) + df) + = i Va df. 

Therefore 

<Mk/U - [M<x),Mf)] L ' = 

and similarly 

0i(L/>U " [Mf),Ma)} L > = 

Therefore $ is a chain homotopy. 

It remains to show the coherence condition (Eq. [25] in Definition 16. 2p is 
satisfied. First we rewrite the Jacobiator using the second to last line of 
01: 



JL>(4>o( a )i4>o(P),Ml)) = -^([0o(a),0o(/3)] L , ,0o(t)) + + cp 

= -^( s ([ v a,vp}) + {a, 13} - d^{a,f3),s{v 1 ) + 7> + 
+ c.p . 

From the definition of the bracket {•, •} and the symmetric pairing, we have 

1 1 

■4'(0o(a)> < M/3) ! 0o(7)) = -gSS^ ~ gO"K,^n ~ Lv-,d$(a,/3) +c.p). 

(27) 

Lemma 17.31 implies 

+ C -P = -3tv a h> p i<vyU ~ (2L Vj d®(a,P) +c.p), (28) 
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so Eq. [27] becomes 

JL>{M a )iMP),Ml)) =^v^v^+ (~L v ^d$(a, /3) + c.p). 

By definition, Jl(«, /3, 7) = i Va u Vl3 u Vi uj. Therefore, in this case, the left-hand 
side of Eq. [25] is 

MM®, 0, 7)) - Jl'{M<*), MP), Ml)) = -^t Vj d^(a, P) + c.p . (29) 

Since the brackets and homotopy $ are skew-symmetric, the right-hand 
side of Eq. [25] can be rewritten as: 

(*(a, 7 ] L ) + c.p) - ([$(«, P), Ml)\v + cp) • (30) 
Consider the first term in Eq. [30] The Hamiltonian vector field correspond- 
ing to 7)2, = {P,l} is [u^jU-y]. Therefore the definition of <I> implies 

3 1 

$(«> [/9>7]i) + cp = -gSSjW" + 2( / -[^,^] a + c -P)- 

It then follows from Lemma 17.31 (see Eq. [28|) that 

*(a, [/?, i\ L ) + c.p = -i„ 7 d$(a, p) + c.p . 

By definition of the bracket [•, -] L ,, the second term in Eq. [3U]can be written 

as 

O (7)] L , +c.p = --^ 7 d$(a,/3) + c.p. 
Hence the coherence condition: 

M J L{a,P,i)) - JL'{.M a ),MP),Mi)) = 

$(a,[/3,7]J- [$(Q,^),^o( 7 )] L , + c.p 

is satisfied, and (</>,,$): L 00 (M,u) — > L 00 (C) is a morphism of Lie 2- 
algebras. □ 

We now focus on a particular sub-Lie 2-algebra of L^C). The following 
definition is due to Severa [33] and is a generalization of Def. 12.11 

Definition 7.5. Let C be the exact Courant algebroid given in Prop. I5.il 
equipped with a splitting s: TM — > C. We say a section e = s(v) + a 
preserves the splitting iffVv' G X(M) 

le,s(v')} c = s([v,v'}). 

The subspace of sections that preserve the splitting is denoted as T(C) S . 

Note that the twisted Dorfman bracket is used in the above definition 
rather than the twisted Courant bracket. Since it satisfies the Jacobi iden- 
tity, it gives a 'strict' adjoint action on sections of C. The 2-plectic analogue 
of Proposition 12.21 is: 

Proposition 7.6. If C is the exact Courant algebroid given in Proposition 
\5.1\ equipped with the splitting s: TM — > C, then there is a Lie 2-algebra 
Loo{C) s = (L„ [•,•], J) where: 
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• L = T(C) S , 

• Li = C°°(M), 

• i/ie differential L\ Lq is D = p*d, 

• the bracket [•, ■] is 

[61,62] = [ei,e2] c in degree 

and 

[e, /] = -[/, e] = -<e, df) + in degree 1, 

• the Jacobiator is the linear map J: r(C) s ®T(C) s ®T(C) s -> C°°(M) 
defined by 

J(ei,e 2 ,e 3 ) = -T(ei, e 2 , e 3 ) 

= -g (<[ei>e2]c.,e 3 > + + <[e 3 , ei] c , e 2 } + 

+<[e2,e 3 ] c ,ei> + ) . 

Proof. Let u' be a vector field on M. By the definition of the twisted Dorf- 
man bracket (Eq.[23D, it follows that {df,s(v')j c = V/ € C°°{M). Hence 
the complex L. is well-defined. We now show that V s {C) is closed under 
the twisted Courant bracket. Suppose e\ and e 2 are sections preserving the 
splitting. Let = s(vi) + «j. Since the twisted Dorfman bracket and the 
Lie bracket of vector fields satisfy the Jacobi identity, we have: 

{le 1 ,e 2 } c , S (v>)} c = s(l[v 1 ,v 2 ],v>]). 

From Eq. [Til we have the identity: 

[ei,e 2 ] c = [ei,e 2 ] c - ^d(ei,e 2 ) + . 

Therefore: 

[[ei,e 2 ] c ,5(u')]c = [I e i' e 2lc7> s K)] - 2 
= s([[v 1 ,v 2 ],v']). 

It follows from Theorem 16.51 that the Lie 2-algebra axioms are satisfied. □ 

This next result is essentially a corollary of Thm. 17.11 However, it is 
important since it is the 2-plectic analogue of Prop. 12.31 

Proposition 7.7. L 00 (M,uj) and LqcJC) 8 are isomorphic as Lie 2-algebras. 

Proof. Recall that in Theorem 17.11 we constructed a morphism of Lie 2- 
algebras given by a chain map <p 9 : L oq (M,uj) — > L OG (C): 

4>o(a) = s(v a ) + a, 4>i = id, 

and a homotopy $: ^^(M) ® H^fM) -> C°°(M): 

$( a ,/3) = _ ^ a + ajUj8 + ^-. 



d(e 1 ,e 2 ) ,s(v') 
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Let v 1 € X(M) and e = s(v) + a. By definition of the twisted Dorfman 
bracket, [e, s(v')J c = s[v,v'] if and only if L v /(da + l v uj) = 0. Hence a 
section of C preserves the splitting if and only if it lies in the image of the 
chain map 4> 9 . Since this map is also injective, the statement follows. □ 

8. Categorified prequantization 

In this section, we introduce a prequantization scheme for 2-plectic man- 
ifolds, and provide a brief exposition on the higher geometric structures 
which naturally appear. The relationship between the Courant algebroid C 
and the 2-plectic manifold (M, oj) has an interesting interpretation when we 
consider the special case of prequantized 2-plectic manifolds. In particular, 
we will see that C acts as the 2-plectic analogue of the Atiyah algebroid A 
described in Sec. 12.41 

Definition 8.1. A 2-plectic manifold (M,oj) admits a prequantization 

iff the cohomology class [oj] lies in the image of the map H S (M,Z,) — > 
H 3 (M,R) H 3 R (M). 

Let (M, oj) be prequantizable. By using the maps c: H 2 (M,D*) -» 
H 3 (M,Z) and k: B 2 (M,D\) Q 3 d (M) discussed in Section E3 we can 
find a Deligne class in H 2 {M,D') whose 3-curvature is oj. By definition, a 
representative of this class defined on a good cover {U{\ is a set of 2-forms 
{Bi £ Q 2 (Ui)}, a set of 1-forms {Aij G Q 1 ^^)} on double intersections, 
and a set of [/(l)-valued functions {gijk- Uijk — > ^(1)} on triple intersec- 
tions such that 

oj = dBi on Ui, 
Bj - Bi = dAij on 

l (31) 

Ajk — A^ + A{j = g^p.dgijk on LT^, 

9jkl9iM9ijl9^l = 1 on U ijM . 

A 2-plectic manifold equipped with such a Deligne 2-cocycle is said to be 
prequantized. We can use the 2-cocycle to construct the Courant al- 
gebroid C over M equipped with a splitting given locally by the 2-forms 
{Bi}. However, the fact that the cocycle data includes the Cech 2-cocycle 
{9ijk- Uijk — > U(l)} implies that there is an additional geometric structure 
present on M. We would expect C to be related to this structure just as 
the Atiyah algebroid A described in Section 12.41 is related to its associated 
principal bundle. 

The geometric object we associate to the Cech 2-cocycle {gijk '■ U^k — > 
U(l)} is a [/(l)-gerbe. The precise definition of a gerbe is rather technical 
and can be found in Brylinski [8j or Moerdijk |25j . However, in what follows 
we hope to provide some intuitive geometric understanding of these struc- 
tures and motivate their proposed role in the prequantization of 2-plectic 
manifolds. Additional details can be found in Sections 5.5 and 7.2 of [26J. 
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8.1. [/(l)-gerbes as stacks. For the purpose of comparison, it is helpful 
to momentarily return to the '1-plectic' case. Instead of associating a Cech 
1-cocycle to a principal £7(1)- bundle P A M, we can just as well associate 
the cocycle to the bundle's sheaf of sections P. The sheaf P is a U (1)- 
torsor. This means that the sheaf of groups U(l) acts on P in such a 
way so that for all x G M there exists a neighborhood x G U and an 
equivariant isomorphism of sheaves Pjj — > £7(1) . In other words, P is 
locally isomorphic to the trivial torsor U(l). We recover the Cech 1-cocycle 
from P in the obvious way: Choose a good cover {U} of M such that 
Pjj. is isomorphic to £7(1) as a sheaf over £7j. Choose sections <7j G Pj/ , 
and consider the restrictions cr^lc/ , (Tjlt^. G P(Uij). There exists sections 
<7ij £ P(Uij) such that Oj = cij • ^ on Uj which obey the usual cocycle 
condition on Uyk- 

Now let us consider the higher analogue. Just as the £7(1) torsor P is 
a particular kind of sheaf, a £7(l)-gerbe is a particular kind of stack. A 
stack S over M is, very roughly, a categorified sheaf over M. To every open 
set U of M, one assigns a group oid S(U). To every inclusion of open sets 
V A 17, one assign a functor «S(t): S(U) — )■ 5(F), which pulls back, or 
'restricts', objects and morphisms over U to those over V. However, given 
a composition of inclusions: 




V 



one requires the corresponding functors S(iuw) and S(ivw) S{iuv) to be 
equivalent via a coherent natural isomorphism instead of being equal. Just 
as the sheaf axioms involve gluing together local sections (i.e. elements of 
sets), the axioms for a stack involve gluing together objects and morphisms 
of groupoids. 

Perhaps the most intuitive example of a stack is the classifying stack 
BU(1), which assigns to every open set U C M the groupoid of principal 
U (l)-bundles over U. This stack has nice extra properties. For example, for 
any open set U and any two bundles Pi, P2 G BU (1)(U), there exists an open 
subset V C U such that the pullback bundles Pj|y are isomorphic as objects 
in BU(1)(V). Moreover, V can be chosen so that the automorphism groups 
Aut(Pj|y) are isomorphic to the group of C/(l)- valued functions U(1)(V). 
Roughly, these are the defining properties of a U (l)-gerbe. We may think 
of a [/(l)-gerbe Q over M as a stack with the additional property that there 
exists an open cover {Ui} of M such that for all open sets V C U, the 
groupoid GiV) is equivalent (as a category) to BU(1)(V). 

One obtains a Cech 2-cocycle from a [/(l)-gerbe Q in the following way: 
Choose a good open cover {U} of M such that there exists objects Pj G 
Q(Ui), isomorphisms : Pi\uij ~^ Pjlu^, and isomorphisms Aut(Pj|y) = 
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U(1)(V) for all open subsets V C fJj. Such a cover exists since £/ is locally 
isomorphic to BU(1). By restricting these objects and isomorphisms to 
triple intersections Uijk, we obtain an automorphism u~ k UijUjk of Pk\u i]k - 
This gives a J7(l)- valued function g^f. G U(l)(Uijk) = Aut(Pfc|[/ i . i ,), which 
satisfies the cocycle condition on quadruple intersections. One can show 
that the cohomology class given by the gijk is invariant with respect to all 
choices made in this construction. In particular, BU(1) gives the trivial 
class in H 2 (M,U(1)). We refer the reader to Brylinski [8] for the reverse 
construction which produces a gerbe from a 2-cocycle. 

Since the 'sections' of a [/(l)-gerbe are locally principal [/(l)-bundles, 
they can be equipped with connections (local 1-forms) which give their 
curvatures (local 2-forms). This fact leads to the notion of equipping the 
gerbe with a connection and curving. One can proceed further and show 
that gerbes equipped with such structures correspond to the aforementioned 
Deligne 2-cocycles (|3lT) . The precise definitions of connections and curvings 
and their relationships to Deligne cohomology are somewhat lengthy and 
technical, so we, again, refer the reader to [8] for the details. 

8.2. Exact Courant algebroids as higher Atiyah algebroids. Recall 
that in Sec. 12.41 we discussed how the transitive Lie algebroid A on a pre- 
quantized symplectic manifold is isomorphic to the Atiyah algebroid as- 
sociated to a principal ?7(l)-bundle P — >• M equipped with a connection. 
Sections of the Atiyah algebroid are [/(l)-invariant vector fields on the total 
space of the bundle. Therefore they act as infinitesimal [/(l)-equivariant 
diffeomorphisms on P. Prop. 17.71 implies that the quantized Poisson al- 
gebra is the subalgebra of infinitesimal diffeomorphisms that preserve the 
connection on P. Analogously, the above discussion and Prop. 15.11 imply 
that the Courant algebroid C on a prequantized 2-plectic manifold is asso- 
ciated to a [/(l)-gerbe Q — > M equipped with a connection and curving. 
Furthermore, Prop. [7771 suggests that we interpret the Lie 2-algebra Loo(C) s 
as the quantization of the Lie 2-algebra of 'observables' L 00 (M,co). Clearly, 
these results further support the idea that exact Courant algebroids play 
the role of higher Atiyah algebroids [51 [15]. However, interpreting L 0O (C) s 
as 'operators' or as infinitesimal symmetries of Q is still a work in progress. 

One possible strategy for addressing these issues is to work with principal 
BU(1) 2-bundles and Lie groupoids rather than [/(l)-gerbes and manifolds 
[U [5]. BU(1) is the one object Lie groupoid 

17(1) =4 * 

It is also an example of a strict Lie 2-group i.e. a Lie groupoid that is 
equipped with a strict (and smooth) monoidal structure such that all objects 
have inverses. The action of a Lie 2-group on a Lie groupoid is the higher 
analogue of the action of a Lie group on a manifold. The correct morphisms 
between Lie groupoids are not smooth functors, but rather 'Morita maps', 
or 'bibundles'. (See Def. 3.25 in |22j.) Since any manifold M is a trivial Lie 
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groupoid M =i M, one can speak of a Lie groupoid morphism M — > BU(1). 
By unfolding the definition of a bibundle, one can show that such a morphism 
corresponds to a principal £7(l)-bundle over M. In other words, sections of 
the trivial principal BU{\) 2-bundle over M correspond to principal £7(1)- 
bundles over M, just as sections of the trivial principal £7(l)-bundle over 
M corresponds to £7(l)-valued functions. Bartels jo] showed that principal 
BU (1) 2-bundles are classified by the usual Cech cohomology H 2 {M, £7(1)). 
Given a 2-cocycle, the corresponding £7(l)-gerbe is the stack of sections of 
the corresponding 2-bundle. One can go further and equip a principal BU(1) 
2-bundle with a '2-connection'. These correspond to Deligne 2-cocycles [1]. 
One could try to understand how sections of an exact Courant algebroid 
over a prequantized 2-plectic manifold correspond to l?£7(l)-invariant vector 
fields on a principal BU(1) 2-bundle. This would be in complete analogy 
with the symplectic case. We will, in fact, see in the next section that there 
is a relationship between the Lie 2-algebra L^Cy and the Lie 2-algebra 
that integrates to BU(1). 

9. Central extensions of Lie 2-algebras 

In this section, we push the analogy between prequantization and cate- 
gorified prequantization further by constructing the 2-plectic version of the 
Kostant-Souriau central extension, which we discussed in Sec. 12.51 First 
some preliminary definitions: 

Definition 9.1. A Lie 2-algebra (L,, [•, •], J) is trivial iff Li = 0. 

Any Lie algebra q gives a trivial Lie 2-algebra whose underlying complex 

is 

In particular, the Lie algebra of Hamiltonian vector fields Xn am (M) is a 
trivial Lie 2-algebra. 

Definition 9.2. A Lie 2-algebra (L,, [•,•], J) is abelian iff [•,•] = and 
J = 0. 

Hence an abelian Lie 2-algebra is just a 2-term chain complex. 

Definition 9.3. IfL, L' , and L" are Lie 2-algebras whose underlying chain 
complexes are L 9; L\, and L" t , respectively, then L' is a strict extension 

of L" by L iff there exists Lie 2-algebra morphisms 

such that 

L, H L'. % L'i 

is a short exact sequence of complexes. We say V is a strict central 
extension of L" iff L' is a strict extension of L" by L and 

[im0.,L'.]' = O. 
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These definitions will be sufficient for our discussion here. However, they 
are, in general, too strict. For example, one can have homotopies between 
morphisms between Lie 2-algebras, and therefore we should consider se- 
quences that are only exact up to homotopy as "exact". In what follows, by 
an extension we mean a strict extension in the sense of Def. 19.31 

We would like to understand how L QO (M, u) is a central extension of 
^Ham(-^) as a Lie 2-algebra. Our first two results are quite general and 
hold for any 2-plectic manifold (M, uS). 

Proposition 9.4. If (M , uj) is a 2-plectic manifold, then the Lie 2-algebra 
L oc (M,uj) is a central extension of the trivial Lie 2-algebra Xs, axa (M) by the 
abelian Lie 2-algebra 

C°°(M) A Q\(M), 
consisting of smooth functions and closed 1- forms. 

Proof. Consider the following short exact sequence of complexes: 

fi^M) — ±+ n^jM) X Ham (M) (32) 

d 

C°°(M) C°°(M) 

The map j: O^(M) — > J7^ am (M) is the inclusion, and 

P : ^Ham( M ) X H am(M), p(a) = V a 

takes a Hamiltonian 1-form to its corresponding vector field. It follows from 
Prop. 13.41 that p preserves the bracket. In fact, all of the horizontal chain 
maps give strict Lie 2-algebra morphisms (i.e. all homotopies are trivial). 
The Hamiltonian vector field corresponding to a closed 1-form is zero. Thus, 
if a is closed, then for all j3 G ^^(M) we have [a, @\ L ( Mui ) = {a, (3} = 0. 
Hence L^M^uj) is a central extension of XHamO^O- ^ 

Proposition 9.5. Let (M,u) be a 2-plectic manifold. Given x G M, there 
is a Lie 2-algebra L OQ (X}i a , m (M),x) = (L,, [•, •], J x ) where 

• L = X H am(Af) ; 

• Li = R, 

• the differential L\ \ Lq is trivial (d = 0), 

• the bracket [•, •] is the Lie bracket on Xft am (M) in degree and trivial 
in all other degrees 

• the Jacobiator is the linear map 

J x : X H am(M) ® £ H am(M) ® X H am(M) -)• R 

defined by 

Jx(vi,v 2 ,v 3 ) = l Vi l V2 l V3 uj\ x . 

Moreover, J x is a 3-cocycle in the Chevalley-Eilenberg cochain complex 
Hom(A'X Ham (M),lR). 
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Proof. We have a bracket defined on a complex with trivial differential that 
satisfies the Jacobi identity "on the nose" . Hence to show Loo (lHam (M) , x) 
is a Lie 2-algebra, it sufficient to show that the Jacobiator J x (vi, V2, V3) 
satisfies Eq. [24] in Def. 16.11 for x G M. This follows immediately from Thm. 
16.41 The classification theorem of Baez and Crans (Thm. 55 in pQ) implies 
that J x satisfying Eq. [24] in the definition of a Lie 2-algebra is equivalent to 
J x being a 3-cocycle with values in the trivial representation. □ 

Recall that in the symplectic case, if the manifold is connected, then the 
Poisson algebra is a central extension of the Hamiltonian vector fields by 
the Lie algebra u(l) = R. The categorified analog of the Lie algebra u(l) is 
the abelian Lie 2-algebra 6u(l) whose underlying chain complex is simply 

R -»• 0. 

This Lie 2-algebra integrates to the Lie 2-group BU(1) discussed in Sec. 
18.21 It is natural to suspect that, under suitable topological conditions, the 

abelian Lie algebra C°°(M) —> Ojj(M) introduced in Prop. 19.41 is related to 
bu(l). 

Let us first assume that the 2-plectic manifold is connected. Note that 
the Jacobiator J x of the Lie 2-algebra Loo(^Ham(^)i x) introduced in Prop. 
19.51 depends explicitly on the choice of x G M. However, if M is connected, 
then the cohomology class J x represents as a 3-cocycle does not depend on 
x. This fact has important implications for L 00 (3£n aia (M), x): 

Proposition 9.6. If{M,w) is a connected 2-plectic manifold and J x is the 
3-cocycle given in Prop. E3j then the cohomology class [J x ] G HQ E (Xua,m(M) , R) 
is independent of the choice of x £ M. Moreover, given any other point 
y G M, the Lie 2-algebras Loo (^Ham , and L 00 (£h 1>xi1 (M), v) are quasi- 
isomorphic. 

Proof. To prove that [J x ] is independent of x, we use a construction similar 
to the proof of Prop. 4.1 in [7J. The Chevalley-Eilenberg differential 

5: Hom(A n je Ha m(M),M) ^Hom(A™ +1 X Ha m(M),R) 

is defined by 

(Sc)(vi, . . -,V n+1 ) = (-iy +j c([Vi,Vj],Vl, ■■■ ,Vi,--- ,Vj,.. .,v n+ i). 

l<i<j<n 

Note that if c is an arbitrary 2-cochain then 

(5c)(va,v^,Vj) = -c([v a ,vp],Vy) +c([u a ,u 7 ],« (8 ) - c([vp, v y ], v a ). 

Now let y G M. Let T: [0, 1] — > M be a path from x to y. Given v a ,v^ G 
^Ham(^), define 

c(y<x,vp) = J u(v a ,vp, •)• 
Clearly, c is a 2-cochain. We claim 

Jy(y a ,Vp,Uy) - J X (V a ,V/3, Vry) = ( 5 c) (v a , V )3 , V-y ) 
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From part 3 of Prop. 13.41 we have: 

<K a S w = {«! i/ 3 ' ^}} - U"> /3} , 7} - {«, 7}} • 
By definition of the bracket {-,-}, this implies 

dL Va L Vf} L Vl U = -U)([v a ,Vp],V-,,-) + Uj([v a ,V-y],VfS,-) - U)([vp, Vj], V a , •) . 

Integrating both sides of the above equation gives 

di Va i Vfj i v ^Ul = Jy(v a ,Vp,V-f) - Jx(v a ,Vp,V 7 ) 

' u}([v a ,vp],v 7 ,-)+ / u)([v a ,v y ],vp, •) - / w(['y i 8,v T ],u QI 
r jt Jr 

= (Sc)(v a ,vi3,v 7 ). 

It follows from Thm. 57 in Baez and Crans [T] that \J X \ = [J y ] implies 
Loo(%Ka,m(M), x) and Lqo (^Ham {M) , y) are quasi-isomorphic (or 'equivalent' 
in their terminology). □ 

Now we impose further conditions on our 2-plectic manifold. From here 
on, we assume (M,oj) is 1-connected (i.e. connected and simply connected). 
This is the 2-plectic analogue of the requirement that the symplectic mani- 
fold in Sec. l2.5l be connected. It will allow us to construct several elementary, 
yet interesting, quasi-isomorphisms of Lie 2-algebras. 

Proposition 9.7. If M is a 1-connected manifold, then the abelian Lie 
2-algebra C°°(M) 4 ^i( M ) is quasi-isomorphic to bu(l). 

Proof. Let x 6 M. The chain map 

fil (M) » 

d 

C°°(M) — 



is a quasi-isomorphism. □ 

Proposition 9.8. If (M,uj) is a 1-connected 2-plectic manifold and x £ M, 
then the Lie 2-algebras L OQ (M, ui) and L 00 (XHam(^) ) x) are quasi-isomorphic. 

Proof. We construct a quasi-isomorphism from L QO (M, ui) to L OC) (XHam(-^)j x) 
There is a chain map 

C(M)^> X Ham (M) 



CV.t 



C°°(M) 

with ev x (f) = f(x) and p(a) = v a . Since p preserves the bracket, we take 
<I> in Def. 16.21 to be the trivial homotopy. Eq. [25] holds since: 

)) = Jx(.V a ,Vp,V 7 ), 
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and therefore we have constructed a Lie 2-algebra morphism. Since M is 
connected, the homology of the complex C°°(M) -4 ^H am (M) is just M in 
degree 1 and Ql lSLm (M)/dC co (M) in degree 0. The kernel of the surjective 
map p is the space of closed 1-forms, which is dC°°(M) since M is simply 
connected. □ 



We can summarize the results given in Props. I9.4ll9.5lf9.7l and 19.81 with 
the following commutative diagram: 



^i(M) 



^HamW 



^Ham(M) 



X H am(M) 



id 



^Ham(M) 




The back of the diagram shows L OQ (M,u) as the central extension of the 
trivial Lie 2-algebra Xna, m (M). The front shows L 00 (Xu a ,m(^L), %) as a cen- 
tral extension of 3CYL am (M) by bu(l). The morphisms going from back to 
front are all quasi-isomorphisms. Thus we have the 2-plectic analogue of 
the Kostant-Souriau central extension: 



Corollary 9.9. If(M,uj) is a 1-connected 2-plectic manifold, then (M, ui) 
is quasi-isomorphic to a central extension of the trivial Lie 2-algebra Xna,m(M) 
bybu{l). 

Also, from Prop. 17.71 we know that L OQ (M,o;) is isomorphic to the Lie 
2-algebra L 00 (C) S consisting of sections of the Courant algebroid C which 
preserve a chosen splitting s : TM — > C. Therefore: 

Corollary 9.10. If(M,uj) is a 1-connected 2-plectic manifold, then L 00 (C) S 
is quasi-isomorphic to a central extension of the trivial Lie 2-algebra Xn am (M) 
bybu(l). 

A comparison of the above corollary to the results discussed in Sec. 12.51 
suggests that L^CY be interpreted as the quantization of L 00 (M, oj) with 
6u(l) giving rise to the quantum phase. 

Finally, note that a splitting of the short exact sequence of complexes 

X H am(M) -^U X H am(M) 
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is the identity map in degree and the trivial map in degree 1. Obviously the 
splitting preserves the bracket but does not preserve the Jacobiator. Indeed, 
the failure of the splitting to be a strict Lie 2-algebra morphism between 
^Ham(Af) and L OQ (XE_nm(M) 1 x) is due to the presence of the 3-cocycle J x . 

10. Conclusion 

Let us summarize the main points of the previous sections: If (M, uj) is a 
0-connected, prequantized symplectic manifold, then there exists a principal 
[/(l)-bundle over M equipped with a connection whose curvature is uj, and a 
corresponding Atiyah algebroid A — > M equipped with a splitting such that 
the Lie algebra of sections of A which preserve the splitting is isomorphic to 
a central extension of the Lie algebra of Hamiltonian vector fields: 

U(l) -> C°°(M) -> X H am(M). 

This central extension gives a cohomology class in HQ E (Xn am (M),'M.) which 
can be represented by the symplectic form evaluated at a point in M. 

Analogously, if (M, uj) is a 1-connected, prequantized 2-plectic manifold, 
then there exists a [/(l)-gerbe over M equipped with a connection and 
curving whose 3-curvature is uj, and a corresponding exact Courant algebroid 
C — > M equipped with a splitting such that the Lie 2-algebra of sections of 
C which preserve the splitting is quasi-isomorphic to a central extension of 
the (trivial) Lie 2-algebra of Hamiltonian vector fields: 

6U(1) -> L^XHamW) "> *Ham(M). 

This central extension gives a cohomology class in HQ^(3lH lan (M),M.) which 
can be represented by the 2-plectic form evaluated at a point in M. 

In future work, we will develop this analogy further in order to obtain 
a categorified geometric quantization procedure for 2-plectic manifolds. In 
doing so, it is likely that we will make contact with related areas of interest 
including the representation theory of loop groups and extended topological 
quantum field theories (TQFTs). Such a procedure would also provided new 
insights into the theory of Courant algebroids. 

However, there are several open problems in prequantization that we are 
currently addressing as we set our sights on full quantization. We have 
mentioned some of these throughout the text, and we summarize them here: 

• For every principal U(l) bundle with connection, there is an asso- 
ciated hermitian line bundle with connection, whose global sections 
give a Hilbert space. What is the corresponding geometric object 
for a ?7(l)-gerbe equipped with a connection and curving? (One 
possible answer is described in Sec. 5.5 of [26].) 

• Sections of the Atiyah algebroid on a prequantized symplectic man- 
ifold are operators on this Hilbert space. How do sections of the 
Courant algebroid on a prequantized 2-plectic manifold act as oper- 
ators on the higher analogue of this Hilbert space? 
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• Sections of the Atiyah algebroid are infinitesimal [/(l)-equi variant 
symmetries of the corresponding principal [/(l)-bundle. Integration 
gives elements of the gauge group i.e. equivariant diffeomorphisms 
of the principal bundle. How can we understand sections of the 
Courant algebroid on a prequantized 2-plectic manifold as infinites- 
imal symmetries of the corresponding ?7 (l)-gerbe? 
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